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Why do we have 10 digits?

0 1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18 19

We count from 1 to 10 Decimal (Base-10) System



How does Bart Simpson count?

0 1 2 3 4 5 6 7

10 11 12 13 14 15 16 17

20 …

He counts from 1 to 8 Octal (Base-8) System



How does a Computer count?

0 1

10 11

100 101 110 111

Binary (Base-2) SystemIt counts from 1 to 2



Why Binary?

• In a binary electrical circuit, we either have a current or we don’t.

• What about a base-3 electrical circuit?

0 1

0 1 2



Why Binary?

• What about a base-3 electrical circuit?

• Issues:

• Signal noise

• Signal degradation from old parts

• Consistency across multiple components

• These issues are particularly problematic in transistors

0 1 2



Transistors

• A transistor is a device that can modify electrical signals. 

• We can use it to switch signals on (1) or off (0).



Transistors

• A transistor is a device that can modify electrical signals. 

• We can use it to switch signals on (1) or off (0).



Back to the Decimal System

• 123 = 1 x 100 + 2 x 10 + 3 x 1

     = 1 x 102 + 2 x 101 + 3 x 100

• 1234 = 1 x 1000 + 2 x 100 + 3 x 10 + 4 x 1

     = 1 x 103 + 2 x 102 + 3 x 101 + 4 x 100



What about the binary system?

• 1011 = 1 x 23 + 0 x 22 + 1 x 21 + 1 x 20

      = 8 + 0 + 2 + 1 = 11

• Each binary digit is called a bit

• 10101

• 110110 

• 10100101

• 111010000000110

21

54

165

29702



Binary to Decimal

• 10101



Binary to Decimal

• 110110



Binary to Decimal

• 10100101



Binary to Decimal

• 111010000000110



Decimal to Binary

• 1110 = 8 + 2 + 1

        = 1 x 23 + 0 x 22 + 1 x 21 + 1 x 20 = 10112

• 5010 = 32 + 16 + 2

        = 1 x 25 + 1 x 24 + 0 x 23 + 0 x 22 + 1 x 21 + 0 x 20 = 1100102

• 17810 in binary?

• 17810 = 128 + 50

• 17810 = 128 + 32 + 16 + 2

        = 1 x 27 + 0 x 26 + 1 x 25 + 1 x 24 + 0 x 23 + 0 x 22 + 1 x 21 + 0 x 20

        = 101100102

First bit may as well be a 1

50 is between 32 (25) and 64 (26)

178 is between 128 (27) and 256 (28)



Division Method for Conversion

We can convert a base 10 number to base k by repeatedly dividing the 

number by k and taking the remainders in reverse.

• 50 / 2 = 25 R 0

• 25 / 2 = 12 R 1

• 12 / 2 = 6 R 0

• 6 / 2 = 3 R 0

• 3 / 2 = 1 R 1

• 1 / 2 = 0 R 1

110010

Why does this work?



Why does the Division Method work? (Optional)

I will give you 90% of the answer.

• We can convert a base 10 number to base 2 by repeatedly dividing the 

number by 2 and taking the remainders in reverse.

• Fact: If a decimal number ends in 0 and we delete that 0, the number is 

divided by 10.

• Fact: If a binary number ends in 0 and we delete that 0, the number is 

halved. (This is also known as bit-shift)

• Fact: If a binary number ends in 1 and we delete that 1, the number is 

subtracted by 1 then halved.



Why does the Division Method work? (Optional)

We can convert a base 10 number to base 

2 by repeatedly dividing the number by 2 

and taking the remainders in reverse.

• Fact: If a binary number ends in 0 and 

we delete that 0, the number is halved.

• Fact: If a binary number ends in 1 and 

we delete that 1, the number is 

subtracted by 1 then halved.

• 1100102 = 5010

• 110012 = 2510

• 11002 = ((25-1)/2)=1210

• 1102 = 610

• 112 = 310

• 12 = ((3-1)/2)=110

Challenge: Why does it work for converting base 10 to base k?



Octal Number System

Octal (base 8)

• 76238 = 7 x 83 + 6 x 82 + 2 x 81 + 3 x 80

          = 3584 + 384 + 16 + 3 = 398710

• 2970210 = 7 x 4096 + 2 x 512 + 6

             = 7 x 84 + 2 x 83 + 0 x 82 + 0 x 81 + 6 x 80

             = 720068



Octal Number System

Octal (base 8)

• 2970210 / 8 = 3712 R 6

• 3712 / 8 = 464 R 0

• 464 / 8 = 58 R 0

• 58 / 8 = 7 R 2

720068



Hexadecimal Number System

Hexadecimal (base 16)

We only have 10 digits from 0 to 9. What do we use for remaining 6 digits?

• A = 10, B = 11, C = 12, D = 13, E = 14, F = 15

• 2970210 = 7 x 4096 + 4 x 256 + 6

             = 7 x 163 + 5 x 162 + 0 x 161 + 6 x 160 = 750616

• ADD16 = 10 x 162 + 13 x 161 + 13 x 160 = 278110



Hexadecimal Number System

Hexadecimal (base 16)

• 2970210 / 16 = 1856 R 6

• 1856 / 16 = 116 R 0

• 116 / 16 = 7 R 4

740616



Binary, Octal, and Hexadecimal

2970210 = 

• 1110100000001102

• 720068

• 740616

111 010 000 000 110

7 2 0 0 6

0111 0100 0000 0110

7 4 0 6

The “decimal” value of the 
binary group becomes the 
octal/hexadecimal digit!

Make sure you group the 
bits from right to left!



Binary, Octal, and Hexadecimal

• 11101000000011001011101111001012 = 194657430910

Octal

• 1 110 100 000 001 100 101 110 111 100 1012

• 164014567458

Hexadecimal

• 111 0100 0000 0110 0101 1101 1110 01012

• 74065DE5



Binary, Octal, and Hexadecimal

• Converting between binary, octal, and hexadecimal is easy

• 111 010 000 000 110

• 111 0100 0000 0110

• Converting between decimal and these bases is not easy

• Decimal is often not ideal for computers

• Hexadecimal and octal are used for representing binary data 

compactly

• Hexadecimal: Colours, memory addresses, cryptography, HTML  colours

• Octal: Setting access privileges in L inux systems



Where you may actually use Hexadecimal



Exercise

Convert the following decimal numbers to octal, and hexadecimal

• 51966

• 64206

• 712173

• 14600926



Decimal to Hexadecimal

• 51966



Computer Memory

• Data needs to be stored somewhere before being manipulated by 

a computer.

• Data in use is typically stored in the computer memory.

• The typical unit of digital information is a byte (B).

• A byte is normally made of 8 bits.

• 8 bits: 000000002 to 111111112

• 010 to 25510

• Another unit of digital information is a word

• A word may be either 2 bytes (16 bits) or 4 bytes (32 bits)

• 16 bits: 010 to 6553510, 32 bits: 010 to 429496729510



Computer Memory

• KB = kilobyte = 1 000 bytes (text files)

• MB = megabyte = 1 000 000 bytes (image files)

• GB = 1 000 000 000 bytes (memory size)

• TB = 1 000 000 000 000 (hard-disk size)

• PB = 1 000 000 000 000 000 (cloud storage size)

Note: K, M, etc used to mean 1024 and 1024 x 1024 etc. due to their use in RAM.
It is now standard notation for a kilobyte to always be 1000 bytes etc.
• For 1024 bytes, we have KiB (kibibyte).



Remember:

• 21 = 2

• 22 = 4

• 23 = 8

• 24 = 16

• 25 = 32

• 26 = 64

• 27 = 128

• 28 = 256

• 29 = 512

• 210 = 1024

• 211 = 2048

• 212 = 4096

• 213 = 8192

• 214 = 16384

• 215 = 32768

• 216 = 65536



Number Representation

How many bits do we need to store a number in a program?

It depends on:

• The length of a word (hardware)

• The programming language (software)

• You (the programmer)

• The problem

Older system architectures support 16-bit words (0 to 65535)

Less older ones support 32-bit words (0 to 4294967295)

Newer ones support 64-bit words (I’m not showing this range)



Number Representation

• Let’s multiply 123456789 * 987654321

• How many digits do we need?

• Excel says:

• 123456789*987654321 = 1.21933E+17

• 121933000000000000

• C says:

• 123456789*987654321 = 4227814277

• Java says:

• 123456789*987654321 = -67153019

• If we use a long (64 bits) in Java:

   123456789*987654321 = 121932631112635269

Integer overflow!
If the number of output bits 
exceeds the maximum number of 
bits stored in the variable, the 
leftmost bits are removed.

But why does this 
turn negative?



Number Representation

• Let’s multiply 123456789 * 987654321

• Python says:

• Is this correct?

• Number of digits: 18

• Last digit: 9

• Multiply it yourself by hand?

• Check by division



Number Representation

• Even bigger numbers

• 1234567893 ?

• Around 25-27 digits

• Java says (even with long): -2204193661661244627

• Python says: 

• Even bigger: 123456789100 ?

Python has unlimited size for integers



Information Representation

• We know how (positive) integers can be stored in binary.

• What about:

• Negative numbers

• Real numbers

• Complex numbers

• Text

• Images

• Audio

• Video



Information Representation – Signed vs Unsigned nums

• Numbers stored in memory can be signed or unsigned

• Unsigned numbers can only be zero or positive

• E.g. 8-bit unsigned integers range from 0 to 255

• Signed numbers can be positive or negative or zero

• E.g. 8-bit signed integers range from -127 to 127 or -128 to 127



Information Representation – Negative Numbers

In negative numbers, the first bit represents the sign (+/-)

• Sign-and-magnitude representation:

• leading sign bit 0 means positive, leading sign bit 1 means negative.

• Two’s complement representation: 

• -N is represented as the binary of (2n – N)10 where n is number of bits

• Or, invert bits then add 1.

• One’s complement representation:

• Simply invert the bits

52 = 00110100
-52 = 11001100



Information Representation – Negative Numbers

• Sign-and-magnitude representation: leading sign bit 0 means 

positive, leading sign bit 1 means negative.

• Let’s consider 4-bit signed integers.

• 210 = 00102. What is -210? 

• 710 = 01112. What is -710? 

• 010 = 00002. What is -010?

• 710 + 110 = 01112 + 00012 = 10002

• Is 10002 equal to 810 or -010?

• What happens when we try to make -810?

10102

11112

10002
Two representations of 0!

Range of 4-bit signed integers using 
sign-and-magnitude is -7 to 7



Information Representation – Negative Numbers

• One’s complement representation: simply invert the bits.

• Let’s consider 4-bit signed integers.

• 110 = 00012. What is -110? 

• 710 = 01112. What is -710? 

• 010 = 00002. What is -010?

• 710 + 110 = 01112 + 00012 = 10002

• Is 10002 equal to 810 or -710?

• What happens when we try to make -810?

11102

10002

11112
Again, two representations of 0!

Range of 4-bit signed integers using 
one’s complement is -7 to 7



Information Representation – Negative Numbers

• Two’s complement representation: 

• -N is represented as the binary of (2n – N)10 where n is number of bits

• Or, invert bits then add 1.

• Let’s consider 4-bit signed integers.

• 310 = 00112. What is -310? 

• 710 = 01112. What is -710? 

• 010 = 00002. What is -010?

• 710 + 110 = 01112 + 00012 = 10002

• Is 10002 equal to 810 or some other number?

• What happens when we try to make -810?

11012

10012

00002
Only one representation of 0!

Range of 4-bit signed integers using 
two’s complement is -8 to 7



Information Representation – Negative Numbers

• Two’s complement representation: 

• -N is represented as 2n – N where n is number of bits

• Or, invert bits then add 1.

• Two’s complement is the most common method

• Why?

• Only one representation of zero (00000000)

• For sign-and-magnitude, we have (10000000) and (00000000)

• For one’s complement, we have (11111111) and (00000000)

• Subtraction by addition
x – y 
= x – y + 2n           (n bit encoding)
= x + (2n – y)
= x + (-y) 

8-bit Two’s 
complement ranges 
from -128 to 127

8-bit One’s 
complement and sign-
and-magnitude ranges 
from -127 to 127More on this in a future 

lecture (approx. Wk 5)



Information Representation – Other numbers

• Decimals can be represented in fixed point representation

• “Decimal point” separates integer part and fractional part

• Each decimal place is a negative power of 2.

• 101.112 = 5 + 1/2 + 1/4 = 5.7510

• 0.101012 = 1/2 + 1/8 + 1/32 = 0.6562510

• Real numbers can be represented in floating point representation

• 1.0111 x 22

• Exponent is represented in binary (and can be negative)

• Complex numbers are not supported in most languages but are 
supported in python

https://www.h-schmidt.net/FloatConverter/IEEE754.html



Information Representation - Text

Text is a sequence of characters

• Each character is typically one byte

• 0 to 255 (256 characters)

• Characters include letters, digits, punctuation symbols and more

• Most common standard is ASCII (American Standard Code for 

Information Interchange).

• 128 characters using 7 bits



ASCII Table



Information Representation – Text Example

• Hey, Jude!

• Each character is represented by a byte.

• Decimal: 0 to 255, Hexadecimal: 0 to FF

• H = 72, e = 101, y = 121, “,” = 44, “ “ = 32, J = 74, u = 117, 

d = 100, e = 101, “!” = 33

• In decimal

• <72 101 121 44 32 74 117 100 101 33>

• In hexadecimal

• <48 65 51 2C 20 4A 75 64 65 21>



Information Representation

• Multimedia data such as images, audio, and videos are 

represented via standard encoding methods.

• E.g. GIF, PNG, JPEG, MP3, MP 4

• ASCII is a simple encoding method

• ASCII using 7 bits and encodes the Latin alphabet

• Extended ASCII uses 8 bits

• Other languages?

• Chinese?

• Japanese?

• Korean?

• CJK Character set



Information Representation – Character Encoding

• There are standards to encode characters in different languages

• ISO/ IEC  10646 (International Organization for Standardization)

• Unicode (4 bytes): 143859 characters

• Python uses UTF-8 encoding (Unicode Transformation Format)

• 8 to 32 bits per character (First 128 ASCII characters use a single byte)

• 16 bits suffice for all CJK characters



Information Representation – chr function

• In Python, the chr(n) function outputs a character 

represented by the number n

• 1110100000001102 = 2970210 in Unicode?

• CJK characters run from 19968 to 40956

• chr(49340) + chr(49457)
• Korean Hangul characters from 44032 to 55171



Recap: Mathematical Functions

• In mathematics, a function from a domain X to a range Ymaps 

each element of X to one element of Y.

• E.g. 𝑓:  ℝ →  ℝ, 𝑓 𝑥 = 2𝑥3 + 5𝑥 − 8

• E.g. 𝑔:  ℝ × ℝ →  ℝ, 𝑔 𝑥, 𝑦 = 2𝑥𝑦 − 𝑥



Programming Functions

• In programming, a function performs a certain task with some 

inputs, and provides the result as an output.

• E.g. answer = sum(x, y)

• E.g. position = find(List, item)

sum()

3

5

8

find()

[“vanilla”, “strawberry”, “chocolate”]

“strawberry”
1



Programming Functions

• Function inputs and outputs are clearly specified

• E.g. sum(x, y)

• Input: Integers x and y

• Output: sum of x and y

• For many functions, we don’t need to know how it is 

implemented, we just use it.

• Black box

• Can have more inputs, typically only one output

sum()

3

5 21
7

6



Programming Functions

• E.g. sortedList = sort(L ist)

• E.g. length = len(List)

sort()[“vanilla”, “strawberry”, “chocolate”] [“chocolate”, “strawberry”, “vanilla”]

len()[“vanilla”, “strawberry”, “chocolate”] 3



Programming Functions

• In mathematics, each function represents a calculation that would lead to a 

value.

• In programming, each function returns a value.

• Technically speaking, a programming function can do more than a 

mathematical function.

• The output can vary depending on external factors:

• System time, network conditions

• Programming functions can have side effects:

• Writing to a file, modifying external variables



Programming Functions

• Can we have a function that doesn’t return anything?

• In many languages, a function that does not return a value is called a 
procedure or other name.

• Called a subroutine in Basic and Fortran.

• In C, it is still called a function, returning a data type void.

• In Python, it is still called a function, returning nothing (None).

• In AppInventor, all functions are called procedures instead.

• In Java, all functions and procedures are called methods.

• Can a function return more than one value?

• In most languages, that is not allowed: some tricks are needed.

• In Python, multiple values could be returned.



Procedures

• Programming functions can return nothing.

• A function that returns nothing is often called a procedure.

• Besides output, a program is designed to perform computation, 
as reflected by changes in memory content, or external storage 
like file /  database.

• The collection of memory content and the current position of program 
execution is called the program (or system) state.

• A procedure will lead to a change in the state.

• Example: a procedure may sort a list of numbers stored in the memory, 
without giving any output. The list printed out before and after 
executing this procedure will be different.



Programming Functions

• E.g. sort(L ist)

sort()[“vanilla”, “strawberry”, “chocolate”]



Example Python Functions

• Mathematical functions

• Text manipulation functions

• join(“Good”, “Morning”) ->  “GoodMorning”

• Drawing functions

• drawLine((0,0), (1,1)) ->  draws a line from coordinate (0,0) to (1,1)

• Input/Output functions

• Object creation functions

• range(2,7) ->  [2,3,4,5,6]



main() function in Python

• main()

• Default function in a Python program.

• Contains the body of the program.

• Normally included at the bottom of a Python program (under other 

functions).

• A call to main() is used to start a program.



Programs can be functions too

True story of my first real job: Data Science Intern (ML )

• Job Part 1: Deconstruct and update existing program to handle wider 

ranges of data.

• Job Part 2: Run hours and hours of experiments on various datasets to find 

optimal program parameters and measure program performance.

• Parameters are values that affect how different parts of the program work.

MyMLProgram()

Dataset

Parameters

Program Performance



Programs can be functions too
Job Part 2: Run hours and hours of experiments on various datasets to find 

optimal program parameters and measure program performance.

• I wrote a program that treats MyML P rogram as a function, and runs it 

multiple times with different Datasets and Parameter combinations.

• All program performance details saved to my computer

• Average workday:

• 10 am: Get to work, turn on program

• 10 am – noon: Listen to podcasts, self-learn pure mathematics while program runs

• Noon – 2 pm: Program finished its round, run it again. 2 hr lunch break

• 2 pm – 4 pm: Program finished its round, run it again. Write up report on today’s 

Program Performance. Wait for boss to step outside then go home.

MyMLProgram()

Dataset

Parameters

Program Performance
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